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Abstract- ·A new algorithm for tracll1g equilibrium paths of simply supported rectangular thin
plates in the nonlinear elastic range under different loading paths is developed. In the algorithm,
different loading paths are expressed as different functions of path parameter t E [0. I]; the nonlinear
algebraic equilibrium equations are derived by a semi-analytical method and solved by applying
Broyden's method: locating critical points is realized by applying a determinant-based bisection
method: tracing primary equilibrium paths and bifurcated equilibrium paths is controlled by
specifying the incremental arc length of the paths: and switching from primary equilibrium paths
to bifurcated equilibrium paths at bifurcation points is controlled by specifying the incremental
amplitude of critical modes. The algorithm is applied in some representative examples of imperfect
plates under six different loading paths of inplane compressive stresses and transverse load. Through
these examples, the following phenomena are observed: different loading paths sometimes lead to .
different final equilibrium states: under some loading paths with special final loads, there exist
bifurcation points on fundamental equilibrium paths even for imperfect plates, and through a
bifurcation point there are two stable bifurcated equilibrium paths which approach different final
equilibrium states.

I INTRODUCTION

Practical engineering structures and members are usually subject to multiple-parameter
conservative loading, i.e. the loading consists of a number of independently varying con­
servative loads, e.g. beam-columns under axial compressive forces and transverse loads,
thin plates under inplane loads and transverse loads, shallow spherical shells under bound­
ary inplane compressive forces and normal compressive forces, etc. There are many different
loading paths on which these loads are applied to some specified final magnitudes. For
example, the proportional loading path on which all loads increase simultaneously and
gradually from zero to their final magnitudes is one single-parameter loading path; the
alternative loading path on which all loads increase separately and successively from zero
to their final magnitudes is another single-parameter loading path. If all loading parameters
vary independently, and if overloading and unloading are allowed, it is evident that there
are an infinite number of different loading paths.

In the elasto-plastic range, it is well known that different loading paths always lead to
different final equilibrium states and different limit load-bearing capacities of a structure.
In the nonlinear elastic range. it has also been observed in experimental and theoretical
studies that different loading paths sometimes lead to different final equilibrium states for
certain structure-final load combinations. Studies have revealed that the root cause for
different loading paths leading to different final equilibrium states is the solution multiplicity
in nonlinear problems.

It is quite common that certain structures which are susceptible to buckling can possess
multiple equilibrium states under the same loading levels [Thompson (1984); Maaskant
and Roorda (1992)]. For nonlinear stability analysis of these structures, tracing equilibrium
paths facilitates the location of the real final equilibrium states; tracing equilibrium paths
in the elastic range provides correct initial conditions for elasto-plastic analysis and then
ensures correctly tracing equilibrium paths in the elasto-plastic range and correctly eva­
luating limit load-bearing capacities. Therefore. tracing equilibrium paths in the elastic
range is fundamental and necessary.
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Tracing equilibrium paths also contributes to understanding mode jumping. Mode
jumping of plates is a well-known phenomenon observed in extensive experimental and
theoretical studies. Maaskant and Roorda (1992) have studied mode jumping by con­
sidering the two-mode interaction of simply supported rectangular plates under biaxial
loading. Their analysis has illustrated that different loading conditions sensitively influence
the mode-jumping phenomenon and qualitatively change the postbuckling behaviour. Also
considering only two-mode interaction. Wicks (1988) has studied the mode jumping of a
simply supported rectangular plate under uniaxial inplane compression, with a trapezoidally
distributed transverse pressure being used to generate the imperfection. His study has shown
that the post buckling behaviour is sensitive to the type of transverse pressure (whether it is
symmetric or not). i.e. the post buckling behaviour is sensitive to the mode of initial
imperfection.

In this paper. for tracing equilibrium paths of simply supported rectangular thin plates
in the nonlinear elastic range under different loading paths. a new algorithm is developed.
Besides manipulating different loading paths. the algorithm is valid in all the following
phases of tracing equilibrium paths: tracing primary equilibrium paths, locating critical
(limit or bifurcation) points. switching from primary equilibrium paths to bifurcated equi­
librium paths. tracing bifurcated equilibrium paths, and switching from one segment of
loading paths to another. In the algorithm. different loading paths are expressed as different
functions of path parameter; the number of interacting modes may be selected to be greater
than two; and different modes of initial deflection and of transverse load may be included.

To demonstrate its versatility and validity. the algorithm is also applied in some
representative examples of imperfect plates under three typical piecewise linear loading
paths of uniaxial compressive stress and transverse load. and three of biaxial compressive
stresses. Through these examples. some instructive phenomena are observed.

:. TIlE 'iONU,\EAR\L(;E::BRAIC LQLlLlBRIU\f EQUATIONS

To trace equilibrium paths of simply supported rectangular thin plates in the elastic
range. the nonlinear algebraic equilibrium equations with respect to deflection amplitudes
must be derived hrst. The governing differential equations of an elastic plate subject to
boundary inplane compressive stresses p,. /1, and transverse load q in the postbuckling
range are (Chia. 1980)

[DV'V'\\' = (/-liL(<p.II+\\,,).

\ I " I
J V-V-4J'=O ,[1.111+11\1. II+\\·,,)-L(\\·o. 11"0)].
E

(I)

where D = Eli' [12(1-11')] is the bending stiffness of the plate, in which E is Young's
modulus and II is Poisson's ratio: a. hand 11 are the length. width and thickness of the
plate. respectively: \1"". \\. W = 11" + 11"" denote the initial deflection. induced deflection and
total deflection of the plate. respectively; (p denotes the stress function of the plate, with
the inplane tensile stresses and shearing stress being evaluated as (J \ = ?2<p;c'y 2, (J .. = iP<pjox2

,

r" = - t'<pt.u'r. respectively: V'V' is 1he biharmonic differential operator; and L( cp, w)
is the differential operator defined as

J t'<p i~211"

- ?x?y ?x i'y . (2)

The total detlection and initial detlection arc assumed as
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"I: W, sin :X,\ sin fl,.I',
\ I

II" = L H'Oi sin :x,x sin [ii y,
,

(3)

which satisfy the boundary conditions for deflections. i.e. simply supported at all sides of
the rectangular plate. The distributed transverse load may be expanded as the following
double Fourier series cut off up to ;\', items (Chia. 1980)

I.

i! = L if, sin :x,.\ SIl1 !'J, I.
I

In expressions (3) and (4).

(4)

mil[

'1., =
a

(5)

where 111 i , nI,. II,. 11/. etc., are positive integers.

Remark 1. For a fIxed number /vl, of modes of the initial deflection, a comparable
number N, (e.g. N, ? 3M,) of modes of the induced deflection can give very accurate
results. It is understood that in eqn (3) H'o, = O. (i = M, + I, ... , N d for conciseness. By the
same argument. the number N c of items in the approximate expression (4) of the transverse
load is set to be N C = N, = N. which is assumed in what follows.

The deflections (3) being substituted into the second of eqns (I), i.e. the differential
compatibility equation. the stress function ip is solved as

x I
, 'I

(6)

It is verified that the stress function <P satisfies the following inplane conditions:

(a) parallel straight opposile sides. i.e.

u I\~,,-ul,

I
,>" II (';'.'4.°. ('C fP.·,) I (/('~V)' I (;lI'O)\Cj. _'. - p , ' - ') _, -+- ') ,'~' dy =

.11 1:" ( \ 1.1" -. (l / - ( l

a(p, -PP,)
-----._-----

E

h(p,-fJ.pJ
-_.-_.--

E

(b) specified average normal stresses and zero shearing stresses at the boundaries. i.e.

~/, (Ij,

I (J, " d.l' h = I (J, I , , d.l' h = - P\ .
.. [I ..If)

I (J I,
o.,iI

II dx (/ = I>" (J \ I

• II

I,d.\ a = -p,.

T'I I \ [I = T\, 1\ = T'.I 11=",1, ;,=0.

The deflections (3). the transverse load (4) and the stress function (6) being substituted
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into the first of eqns (I), i.e. the differential equilibrium equation, the algebraic equilibrium
equations are derived by Galerkin's method as

(i = 1,2, ... , N), (7)

where ~' = ab is the aspect ratio of the plate. and

Ri/k/= L L (S::[,+T;:Ll[(1Il/+(md 2 + (11j + I1 11k)2f ,
~ 1.1 ,/ ~ 1.1

(8)

SilL = (I1[(mk + (m,)~ 11; + (11k + 1111/)~ 117;](lI7k11,- (I1ml11d~

x H(mk + ~m" m p m,)H(11k + I111r, 111, 11J, (9)

Till/ = - 2~I1[(mk + ~m/)11/(11k + I111/)II7,](mk11,- (I1m,nk) 2

x H(mj. mk + ~m" m i )H(11 p 11k + 1111" 11r), (10)

~I

H(W
1
,W20 W,) = 41 COswl7[~sinw27[(sin(l)l7[(d~

."
2. Uh -W.l = WI = 0;

OJ2 + ()), = (JJ I = 0:

L ±(w2-wJ)=Wj#-0;

-I. ±(W2+WJ)=W1 #-0;

O. otherwise.

From the definition of the following nondimensional quantities:

(11)

15 = D
Eh' h

(12)

the algebraic equilibrium equations are nondimensionalized as

Remark 2. Although the nonlinear algebraic equilibrium equations are derived by the
above semi-analytical method approximately. the accuracy may attain any required level
by selecting an appropriate number N. In examples hereinafter, the number is selected
increasingly and the convergence is tested to ensure the accuracy. Because any number of
interacting modes may be included in this analysis, the accuracy is expected to be higher
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than that in Maaskant and Roorda (1992) and Wicks (19SS), where only two interacting
modes are included.

J. DIFFERENT LOADll"G PATHS

To describe different loading paths, a nondimensional time parameter tE [0, I] which
is taken for the path parameter is introduced, with the application of loading beginning at
time t = 0 and ending at time t = I when reaching final loads. Time t = I may correspond
to any finite "long time", e.g. I0 minutes. I0 hours, etc. Therefore, it is reasonable to
consider the loads being applied very slowly and to treat them as quasi-static loads.

Different loading paths are described by expressing loading parameters as different
functions of the time parameter. These loading paths all approach the final loading
parameters, which represent final loads at time I = 1. Herein Px and Pr denote non­
dimensional inplane loading parameters, and Pc denotes the nondimensional transverse
loading parameter. which is defined by

ti, = Atio, (i = I. 2, .... N). (14)

where {jOI are normalized (max (jill = I) relative magnitudes of the transverse loads; p~, p7
and p~ denote the corresponding final loading parameters. Similarly, Wi represent equi­
librium states and Wr represent final equilibrium states.

In this paper, only piecewise linear loading paths of the following form are considered:

To investigate the influence of different loading paths of uniaxial compressive stress
and transverse load on the final equilibrium states, P, = 0 is assumed. Three typical piecewise
linear loading paths ofPn Pc are considered. On the proportional loading path I, Px and Pc
are applied simultaneously from zero to p~,pt On the alternative loading path II, P. is
applied firstly from zero to p~ (the first segment), and Pc is applied secondly from zero to
p~ (the second segment). On another alternative loading path III, Pc is applied firstly from
zero to p~ (the first segment), and P, is applied secondly from zero to p~ (the second
segment).

(I) Loading path I

p~OI = 0, pHil = 0,

pl,ll = O. pili = p~.
tE [0, IJ. (16)

(2) Loading path II

rp';OI = O. p;OI = O. pHil = 0,

to',ll = 2p~, p~ll = O. fi'l) = O.

rp',lli = p~. fi~ol = 0, p~lil = - p~.

'lpl,I'=O, p~ll=O, pd'=2p~,

t E [0, 1/2] ;

IE [1/2, IJ.

(17)

(18)



600 Chang-Gen Deng

(3) Loading path III

fp;1I1 = 0, p'''' = O. pili) = O.

I p;ll = O. i5'1 = D. pili = 2p*.
t E [0, 12]; (19)

{

-1111 = _ -* -11
1

1 = (',l -,'Ii __ -, *p, p,. P, . P, P"
tE [1/2. I].

p'," = 2p;. ii: I, = D, p") = 0,
(20)

To investigate the influence of different loading paths of biaxial compressive stresses
on the final equilibrium states. p, = Dand then C], = 0 (i = 1.2, ' .. ,N) are assumed. Three
typical piecewise linear loading paths of p,. P, are also considered. On the proportional
loading path IV. P, and p, are applied simultaneously from zero to p;,p~. On the alternative
loading path V, P, is applied firstly from zero to P; (the first segment), and PI is applied
secondly from zero to P~ (the second segment), On another alternative loading path VI, py
is applied firstly from zero to P~ (the first segment). and Px is applied secondly from zero
to P; (the second segment).

(4) Loading path IV

r -( 0 I = D. p'," I = O. pill ) = 0,p.

(p',11 = p;, p','1 = i5~.
-{ I) = 0,

tE [0, I].
p,

(5) Loading path V

Ip;1J1 = O. If\(i ' = O. p~llJ = O.
< tE [0,12];Ip; 1 I = 2p;. i j ', II = O. p"1 = O.

{ iii,' Ii = p;, p'"1 = -if ;-. p'O) = O.

.pV' O. 15 '11 2p~. pi I) = O.
tE [1/2, I] .

= =

(6) Loading path VI

f -j/l) = O. [J~ () l = O. p~"1 = O.p,
0) _II i o. P:" 2p;. -II O.

tE [0. 1/2];
PI = = p =

\15\111 = -p;. pi, II J = p;. pi" , = o.
It' 2p;. iii, II = O. p'i , = 0,

t E [1/2. I].
I, =

(21)

(22)

(23)

(24)

(25)

4. THE ALGORITHM H)R TRACING EQClLIBRIUM PATHS

An integrated algorithm for tracing equilibrium paths will be described below. Three
sub-algorithms are integrated in the integrated algorithm, i.e, the sub-algorithm for solving
the nonlinear algebraic equilibrium equations by applying Broyden's method, the sub­
algorithm for locating bifurcation points by applying a determinant-based bisection
method, the sub-algorithm for tracing primary equilibrium paths and bifurcated equilibrium
paths by specifying the incremental arc length of the paths, and for switching from primary
equilibrium paths to bifurcated equilibrium paths at bifurcation points by specifying the
incremental amplitude of critical modes.

4.1. Preparatio/ls
After expressions (14)(25) for the loading parameters p\. Pro Pc on different loading

paths have been substituted into eqns (13). eqns (13) can be rearranged as follows:



Equillhrlum paths ot' clastll platcs

\ \ \ \

f~=B,+Bl/l/II+B"IIII-+-B",II,III1+ I B"II;+), II,B,,f,illjIlIJ/;=o,

601

(i = I. 2, ... , N), (26)

where

II, 11\1=1. (i= L2, .... \)(Al=N+l); (27)

H, /j Ilq!!!, (i = 1,2, ... , N); (28)

B". = --(m,J'/)"'-nifi: il
, (i= 1.2, .... N); (29)

B,,=[(I!I~')'+Il,:f'\--I IB,,;;lt It!!(, (i,j=1.2..... N); (30)
I j

B./= R" (32fT,I), (i, U. / c I. 2" .. N); (31 )

and (5 il is the Kronecker delta: ,i = (I Ii i l' i: (i,. = I if i = j.
Through solving eqns (26) for different time parameters rE [0. I], equilibrium states Wi

at any time r are determined The loci of these eq uili bri um states make up equilibrium paths
corresponding to the loading paths. The equilibrium paths which connect the initial state
l1"Oi with the final equilibrium states W~ are the fundamental equilibrium paths which exist
in reality, Hereinafter. tracing eq uilibrium paths means tracing the fundamental equilibrium
paths.

The integrated algorithm requires an additional constraint equation FM = 0 for tracing
equilibrium paths. or for s\\ilching equilibrium paths at bifurcation points, or for locating
bifurcation points or for solving equilibrium states under specified time parameters.

When tracing primary equilibrium paths or bifurcated equilibrium paths, the incremen­
tal arc length of the paths from time 1-' !1r to time r is controlled to be 11.1:

1/

I'I = I (II '-l( I'i' -(;'\.1) =(). (32)

where superscripts r -l1r and r reprcsent eval ua linn at time I -111 and time t, respectively.
and 111 = 11\1- lI'\I\/ represents time increment.

When switching from primary equilibrium paths to bifurcated equilibrium paths at
bifurcation points at time r. thc incremental amplitude of the kth critical mode is controlled
to be 1111/, :

1'1 =(11, - II; \)-/'111( = ll. (f..:s: ,V), (33)

where I1l1k > 0 corresponds to switching to one side ofthc bifurcated equilibrium paths and
I1l1k < °corresponds to switching to the other side of the bifurcated equilibrium paths.

When locating bifurcation points or solving equilibrium states under a specified time
parameter r" the constraint equation IS as follows:

III = II, I, = ll. (/, = .tll. (34)

The integrated algorithm also reqUIres formulation of the tangential stiffness matrix
K' and expanded tangential stiffness matrix K' at time I, which are defined as follows:
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where

K' = [K;J"" (35)

\" V

K;' = cFFJu,l' =(BIiO+Bii,U~)(j'I+Bil+ I I (Bi1kl + Bikj/+ Btlkj )u1u;,
k~II~1

(i,j = 1,2, ... , N) ; (36)

K;M = of,/cuMI' = Bll + BillU; . (i = 1,2, ... , N)(M = N+ 1); (37)

{

7(' ,- ~')
K' =cF/cul'= _.u,-u, .

.1.1, M, I ~

() lAo

for FM = 0 as in eqn (32) ;

for FM = 0 as in eqns (33) or (34) ;

(M=N+I)(j= 1,2, ... ,N,M). (38)

For conciseness, solution vector u and equation residual vector F are defined as follows:

(39)

4.2. Solving the nonlinear equilibrium equations
The sub-algorithm for solving the nonlinear equilibrium equations F(u) = 0 after a

load increment step, i.e. the step from time t - M to time t, by Broyden's method [see, e.g.,
Dennis and Schnabel (1983)] is described below, where superscript I denotes the Ith iteration
loop number.

1 . For initial iteration loop I = 0, specify initial solution vector:

for FM = 0 as in eqn (32) ;

for FM = 0 as in eqns (33) or (34) ;
(40)

where e;, (i = k, M) is the unit vector with the ith element being unit, and evaluate
initial quasi-stiffness-matrix inverse:

(41)

2. Evaluate new solution vector:

(42)

3. Evaluate new equation residual vector F(/+I) = F(U(/+I)). If max~ 11f1'+I)1 < G,

then set uf = u(/+ 1) and terminate the iteration.
4". Evaluate incremental solution vector and incremental equation residual vector,

respectively:

(43)

(44)

5. Evaluate new quasi-stiffness-matrix inverse:
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(45)

(46)

4.3. Locating critical poinls
Suppose there is a critical (limit or bifurcation) point C within a load step from time

tl = t r - M to time t r • i,e .. there is a solution t = tet of the nonlinear determinant equation

D(t) = detK(t) = 0, D(t/)D(t,) < O. IE(I;.I,). (47)

Any appropriate method which is capable of solving a unitary nonlinear equation may be
applied. In this paper, the simple bisection method is used, The sub-algorithm for locating
critical points is described below.

I. Let t = Is =(I/+t,)/2. choose Fit = 0 as in eqn (34) and solve the nonlinear equi­
librium equations F(u) = 0 after the load step from time tl to time t by Broyden's
method,

2 . Calculate determinant D(t) = det K t If ID(t)1 ~ 1:101' 1/,-/1 ~ £2. then terminate
the iteration with critical point C being located as Uer = u l

• ter = I.

3, If D(t)D(I/) < O. then I = I,. D(I) =D(I,): or else t = t/. D(t) =D(t/)' Go to step
I .

4.4. Tracing equilihrium paths and slI'itching equilihrium palhs
The sub-algorithm for tracing equilibrium paths and switching equilibrium paths is

described below.

I . lniliali::alion. For initial load step 1=0. specify initial solution vector as
u(] = (M'ol' 11'020" .• 11'ON. O)T. Evaluate the initial stiffness matrix KO and initial
expanded stiffness matrix KO

• and calculate determinant det KO.
2 Tracing primary equilihrium paths or hifurcaled equilihrium paths. t + M = I. Choose

F.it = 0 as in eqn (32) and solve the nonlinear equilibrium equations F(u) = 0 after
the load step from time I ~.1t to time I by Broyden's method.

3 . DClecling critical poinls. Calculate determinant det Kt If (det K' -t.I)(det K') > 0,
there is no critical point. then go to step 5 : otherwise. there is a critical
point within the load step from time II = t-.1t to time I r = I. If
(u l

\{ ~ U
I
H ;"')(u\t" - u:;/ ;""") ~ 0, the critical point is a limit point, or else the

critical point is a bifurcation point.
4 . Localing critical points and switching to hitim'([(ed equilihrium palhs. Apply pre­

viously described bisection method to locate the critical point C: Ucr ' ler = (uM)c,' If
it is a limit point. then go to step 5 . If it is a bifurcation point, then switch to the
bifurcated equilibrium paths: choose FIt = 0 as in eqn (33) and solve the nonlinear
equilibrium equations F(u) = 0 after the load step from time ter to time t by
Broyden's method. and then go to step 5

5 . Checking condilions li)r sll"itching loading segments and li)r lerminating Iracing
equilihrium paths. (I) If t < tho where th = 1.0 for loading paths I, IV and for the
second segments of loading paths II. III. V. VI. and I h = 0.5 for the first segments
of loading paths II. III. V, VI. then continue tracing equilibrium paths; go to step
2 . (2) If t > tho then specify t = t, = tho choose F\1 = 0 as in eqn (34) and solve the
nonlinear equilibrium equations F(u) = 0 within the load step from time I-M to
time th by Broyden's method. If I h = 0.5. switch to the second segments ofloading
paths and continue tracing equilibrium paths: go to step 2 , If I h = 1.0. terminate
tracing equilibrium paths.
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" FXAMI'LES

5.1. Cllder di/lcrcnl fowling pal//l (I!p and jj

The aigorithm is applied in four representative examples of imperfect plates under
three different loading paths of uniaxial compressive stress P, and symmetric transverse
ioad Pc. In all these exam pies. : = 1.0;\ = 4; (mi' n,) = (l. I). 0.3), (3. 1), (3.3) ; ~l'()i = 0.2,
0.0. 0.0. 0.0: ji'; = 80. I), = 0; and if" = I. I 3. I 3. I 9 are selected, and only p~ is varied.
The fundamental equilibrium paths W -I under different loading paths of P, and Pc are
shown in Fig. I (a). (b). (c). (d). respecti\ely.

In Fig. i(a). p*= 1.20: all loading paths I, II, III lead to final equilibrium state A:
W; = 1.9978.0.0399. O.On3. 00102.

In Fig. I (b), /)* 0= - 0.80: on the fundamental equilibrium path corresponding to
ioading path III. there is a bifurcation point C: I" = 0.7500, Pm = 3.9994, Per = -0.8000,
W", = 0.1950, - 0.0028. - 0.0042. 0,0003: through the bifurcation point there are
two stablc bifurcated equilibrium paths which approach finai equilibrium state A:
~f',*= 1.7746. O.U255. 0.0538. 0005l and state B: W;= -1.7819, -0.0300, -0.0628,
-0.0066. respectively: loading paths I. II iead to final equilibrium state A.

In Fig 1(c). p""" = _.. i.59: on the fundamental equilibrium path corresponding to
loading path I, there i~ a bifurcation pomt C: I" = 0.5029. Prer = 4.0230, Pccr = -0.7996,
W", = 0.2368.. 0.0027.--0.0041. 0.0003: through the bifurcation point there are

A B A
1.0 1.0

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0.0 0.0
0.0 0.5 1.0 1.5 2.0 -2.0 -1.0 0.0 1.0 2.0

WI Wl

B A B A
1.0 1.0

0.8 i 0.8

0.6 0.6

0.4 0.4

0.2 0.2

(c) (d)

0.0 0.0
-2.0 -1.0 0.0 1.0 2.0 -2.0 -1.0 0.0 1.0 2.0

vV! Wl

-path I -path II -path III

f 'e! I lyUJllbrJull1 I'allh under ditferent loading paths of!!. and p.
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two stable bifurcated equilibrium paths which approach final cquilibrium state A:
W;"= 1.6593.0.0191. 0.041S. 0.0030 and state B: wt= -I.S780. -0.0358. -0.0728.
-0.0086. respectively: loading path II leads to tlnal equilibrium state A; loading path III
leads to final equilibrium state B.

In Fig. lid). p*= -2.70: loading path II leads [0 tinal equilibrium state A:
W;" = 1.4339. 0.00S5. 0.020 I. 0.0002: loading paths I. III lead to final eq uilibrium state B:
rf';" = - 1.9937. -0.0434. -0.OS52. -tl.0115.

Relllark 3. Convergence tests have shown that taking ,Y = 4 in these examples is
accurate enough. For example. when taking V = 9: (111;.11,) =(1.1). (1.3). (3,1), (3,3).
(1. 5). (5. I). (3.5), (5.3). (5.5): II", = 0.2. S*O.O: 1/", = I (171,11,). the final equilibrium states
corresponding to Fig. I (d) are

State A: ~f;"= 1.433S. 0.0085. 00200. 0.0002. - 00007. - 0.0009. - 0.0002. - 0.0002.
-0.0001 :

State B: W;" = - 1.9939. - 0.0435. - O.OS54. - ()() I 16. - 0.00 11. - 0.00 19. - 0.0006.
-0.0007. -0.0001.

Relllark 4. It is observed that under some loading paths with specially chosen final
transverse loads. there exist bifurcation points on fundamental equilibrium paths even for
imperfect plates. and through a bifurcation point there are two stable bifurcated equilibrium
paths which approach different final equilibrium states. It is also observed that the final
equilibrium states are to some extent sensitive to the linal transverse loads. These phenom­
ena may be explained generally by the multiplicity. sudden jumping and divergence features
of a catastrophe. namely the double-cusp catastrophe [see. e.g .. Thompson (1984) and
Wicks (1988)]. These phenomena may also be enunciated specifically for these examples as
follows. On the one hand. if the transverse load is applied in the same direction as the initial
deflection, it is obvious that both the inplane compressive stress and the transverse load
amplify the deflection. so different loading paths lead to the identical final equilibrium state
[see Fig. I (a)]. On the other hand. if the transverse load is applied in the opposite direction
to the initial deflection. the inplane compressive stress amplifies the deflection. whereas the
transverse load decreases the deflection. so it is possible that on a loading path either the
compressive stress or the transverse load dominates the deflection (see Fig. I(b). (c). (d)):
it is also possible that on a loading path within some load range the compressive stress and
the transverse load balance against each other. and at a critical load the balance breaks out
(see equilibrium path III in Fig I (b) and equilibrium path I in Fig. I(c)).

5.2. Ulldcr dijlcrcllt!oadill,ll paths o/p, and p,
The algorithm is also applied in eight examples of pia tes with different modes of initial

deflection under three different loading paths of biaxial compressive stresses p\ and p, .. In
all these examples. ;. = 2.0: N = 9: (lII i • II) = (i. I). (i = I...V): p~ = 10.0. p~ = 2.0.
P: = 0.0: II'", = O. (i = 4..... 9) are selected. and only 1\,;, (i = I. 2..3) are varied per­
mutedly.

The results are summarized in Table I. where SO signifies initial states with rf/j = 11'0/:

A4. AS. A6, B4. B5. B6 signify I1nal equilibrium states with W, = W;": and C4, C5, C6
signify bifurcation points with W, = ~f'", and t,r being the corresponding bifurcation loading
parameter (B.L.P.). An example of ho\\ the contents in the table may be interpreted is as
follows: in example EIOO. loading paths IV. VI lead to final equilibrium state A6: on the
fundamental equilibrium path corresponding to loading path V. there is a bifurcation point
C5, through which there are two stable bifurcated equilibrium paths which approach
diflerent final equilibrium states A5 and 85. respecti\cl:-.

RCII/ark 5. Convergence tests have shown that taking .\ = l) in these examples is accurate
enough. For example. when taking .v = 7 in example Ell O. the final equilibrium states are

State AS: rf'.* = 0.0723. 2.5158. - 0.0509. OJIO IJ. 0.0198. 0.1310. - 0.0042 :
State A6: rF.* = 27698. (l.0I75. 0.S551.-0.0049. 0.1544. 0.0016. 0.0270:



0'
o
0'

I ahle I hnal eljluhhnum ,tates and erltical states under difTerent loadin~ paths of 1', and!,

Deflectioll B.LP
Example no Path no State no. W, ~f\ If'1 rf\ W, ~'f',. W W, W" I"

SO 0,000 0000 0000 0,000 0,000 0,000 0000 0,000 0,000
('4 0000 0000 0000 0,000 0,000 0000 0000 0.000 0,000 0431121

IV i\4 0,000 0,000 IS35 0000 0000 0,000 0,000 0000 0000
134 (lOOO 0.000 I.S.':' 0000 0,000 0,000 0000 0000 0000
C" (lOOO 0000 0,000 0.000 0000 0000 0,000 0,000 0.000 0200000

FOOO V AS IlOOO 2421 0000 0000 0,000 0,000 0000 0.000 0,000
H." 0000 2421 0,000 0,000 (lOOO 0000 0000 0,000 0,000

::r-

5
('6 0000 0,000 0,000 0000 0000 0,000 0,000 0.000 0,000 IU90625 ''''

VI A6 2.740 (lOOO OSS6 0,000 0,15.1 0.000 O,(J26 0.000 0,004 C
(l;

136 2,740 0,000 - 0,SS6 0,000 -0153 0,000 0,026 0,000 -fl.004 ::l

0
(l;

SO 0.100 0000 0,000 0,000 0,000 0,000 0000 0,000 0,000 ::l
flC

IV,VI A6 2,770 0,000 0,S54 0,000 0,156 0,000 0,026 0,000 0,004
EIOO C5 0,2SS 0,000 0,012 0,000 0,000 0,000 0.000 0,000 0,000 021.1547

V AS 0,069 2489 -0,052 0,001 0,020 0.129 - 0.004 0,000 0,001
135 0,069 -24S9 -0,052 0,001 0.020 -0,129 -0,004 -0,000 0.001

SO 0,000 0,100 0,000 0,000 0.000 0,000 0,000 0,000 0,000
IV,V AS 0,000 244S 0,000 0,000 0,000 0,000 0,000 0,000 0,000

EOIO C6 0,000 0,16S 0,000 0.000 0,000 0,000 0,000 0.000 0,000 04119SS
VI A6 2,741 0014 0,SS7 0,004 0,153 0,001 Il.026 -0,000 0,004

136 -2,741 0,014 -0,SS7 -fl.004 -0153 0,001 0.026 -0.000 -fl.004



so 0.000 0.000 0.100 0000 0.000 0.000 0.000 0.000 0.000
IV.V A4 0.000 0.000 1.875 0.000 0000 0.000 0.000 0000 0000

EOOI C6 0.000 0.000 0.118 0.000 0.000 0.000 0.000 0.000 0.000 0401998
VI A6 2.728 0.000 0.903 0.000 0142 0.000 0.029 0.000 0.004

B6 -2.746 0.000 -0.81 I 0.000 -0.163 0.000 -0024 0.000 0.004 IT1
.c

"SO 0100 0.100 0.000 0.000 0.000 0.000 0.000 0.000 0.000
~EIIO IV.V AS 0.073 2.516 - 0.052 0.001 0.020 o 131 -0.004 0.000 0.001

VI A6 2770 O.OJ 8 0.855 -0.005 o 155 0.002 0.026 -0.000 0.004
;::
3

"0

SO 0100 0.000 0.100 0.000 0.000 0.000 0.000 0.000 0.000
po

S-
EIOI IV.VI A6 2.757 0.000 0.904 0.000 0145 0.000 0.029 0.000 0.004 ~

0
V A4 0.032 0.000 1.877 0.000 -0.007 0.000 0.002 0.000 0.012 -,

"
SO 0.000 0.100 0.100 0.000 0.000 0.000 0.000 0.000 0.000 ~

n
EO II IV.V AS ~0293 2481 0.264 0.034 ~0.086 0.119 0.019 0003 ~0.003 "0

VI B6 -2.747 0.012 -0.813 -0.006 0163 0.002 ~0.024 -0.000 -0.004 '"ii
SO 0.100 0.100 0.100 0.000 0.000 0.000 0.000 0.000 0.000

Ell I IV.V AS -0.225 2496 0.218 0.022 -0.069 0.123 0.016 0.002 -0.002
VI A6 2.757 0.020 0.905 -0.003 0.144 0.001 0029 -0.000 0.004

g;.....,
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when taking /II = 9, the tinal equilihrium states arc

State AS: ~i"',*= 0.0733. ~.5ISX-00517. (l,OOI3. 0.0202. 0.1309, -0.0043,0.0002,
0.0007 :

State A6: ri"',*= 2.7704.001 7 5. OXS5!. -O.004lJ. 0.1552. 0.0016. 0.0262, -0.0001,
0.0041.

Rell/ark 6. From the results. it is seen that there exist six different final equilibrium
states with different dominant modes for the perfect plate, and there exist two or three
different final equilibrium states close to the perfect states for the imperfect plates. Again,
it is observed that under some loading paths with specially chosen initial deflections, there
exist bifurcation points on fundamental equilibrium paths even for imperfect plates, and
through a bifurcation point there arc two stable bifurcated equilibrium paths which
approach different final equilibrium statcs. This observation conforms to the results shown
in Fig. 6 in Maaskant and Roorda ( 199~).

(, «()'-.(Il DI:\(; RF'vIARKS

For tracing equilibrium paths of simply supported rectangular thin plates in the
nonlinear elastic range under different loading paths. a new algorithm is developed and
applied in this paper. It is valid in all the following phases of tracing equilibrium paths:
tracing primary equilibrium paths. locating critical (limit or bifurcation) points, switching
from primary equilibrium paths to bifurcated equilibrium paths. tracing bifurcated equi­
librium paths, and switching from one segment of loading paths to another. The algorithm
is applied in some representative examples ofimpertect plates under different loading paths.

Through these examples. the f'1llowing phenomena are observed: (I) different loading
paths of uniaxial compressive stress and transverse load or of biaxial compressive stresses
sometimes lead to different final equilibrium states: (2) under some loading paths with
special final loads. there exist bifurcation points on fundamental equilibrium paths even
for imperfect plates. and through ,l hifurcation point there are two stable bifurcated
equilibrium paths which approach different tinal equilibrium states: (3) the final equilibrium
states are to some extent sensitive to the magnitudes of the transverse loads and to the
modes of the initial deflection. These phenomena may he explained generally by the mul­
tiplicity. sudden jumping and divergence fea lures of ca tastrophes.

For practical applications. the c!leets of influence parameters, such as aspect ratio,
initial imperfections, inplane stresses and transverse load, should be studied systematically
and the results should be discussed and summarIzed: however. these contents are not
incorporated in this paper due to length limItations.

To complement. it is beliewd that the algorithm developed in this paper may be applied
to other structures and members pro\ided the nonlinear algebraic equilibrium equations
are replaced accordingly. It is hopl'd that this study will contribute to an understanding of
the phenomenon of multiple tinal equilibrium states and the phenomenon of mode jumping,
and will guide nonlinear structural an<tl~ sis.
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